Abstract. In this paper, we propose a general framework for weak Galerkin generalized multiscale (WG-GMS) finite element method for the elliptic problems with rapidly oscillating or high contrast coefficients. This general WG-GMS method features in high order accuracy on general meshes and can work with multiscale basis derived by different numerical schemes. A special case is studied under this WG-GMS framework in which the multiscale basis functions are obtained by solving local problem with the weak Galerkin finite element method. Convergence analysis and numerical experiments are obtained for the special case.
1. Introduction. Many problems arising from science and engineering have features at multiple scales such as physical processes in strongly heterogeneous media including deformation or diffusion in composite materials and flow in porous medium. For the problems with multiple scales and high contrast, the convergence of the standard finite element methods requires a mesh size h small enough to resolve the fine scale size. The cost of computations is often prohibitively expensive. Multiscale finite element methods are designed to solve multiscale problems efficiently that have the dimension of the coarse grid and resolve the fine scale features through construction of multiscale basis. The development of multiscale finite element methods is a active research field with significant study over the past decade. Multiscale techniques have been applied to different finite element methods for solving elliptic problems, for continuous finite element methods [3, 5, 6, 11, 16, 18, 19] , for mixed finite element methods [1, 2, 7, 9] , for discontinuous Galerkin methods [4] .
The studies in [15, 16] show that the accuracy of multiscale finite element methods is sensitive to the boundary conditions imposed on computing basis functions. The imposed boundary conditions should have similar oscillatory behavior as the fine-scale solution. Taking this into consideration, generalized multiscale finite element methods construct additional multiscale basis functions by solving a carefully designed local spectral problem to enrich the initial multiscale space [8, 12, 13, 14, 17] . Specially, the generalized multiscale finite element method works well for more general problems such as materials with non-periodic properties, non-separable scales, and random coefficients.
Weak Galerkin method is a newly developed general finite element technique for solving partial differential equations (PDE). The WG methods, by design, make use of discontinuous piecewise polynomials and can be considered as a natural extension of the standard Galerkin finite element methods for functions with discontinuity. Therefore the WG method has the flexibility of using discontinuous elements and the simplicity in formulation of using continuous elements. In summary, the WG methods have the following features:
1. The WG method is highly flexible in which high order approximations and finite element partitions with arbitrary shape of polygons and polyhedrons can be used. 2. The WG method has simple formulation which implies easy implementation and easy error analysis. The WG formulation can be derived by replacing standard derivatives by weakly-defined derivatives in the corresponding variational forms of the PDEs, with an option of adding a parameter independent stabilizer. The key components of the WG methods are weak derivatives and parameter free stabilizers which are introduced to enforce the connection of discontinuous approximations between elements. The definitions of weak derivatives in the WG methods can be very general which should depend on the natures of the approximation functions. The general definition of weak derivative makes the WG method widely applicable and easy to fit into the frameworks of many numerical techniques such as multiscale finite element methods and least-squares finite element methods.
The weak Galerkin method was first introduced in [34] . Since then the WG methods have been successfully applied for solving the second order elliptic problems in [32, 33, 21, 20] , for the biharmonic equations in [22, 24, 26] and for the Brinkman equations [28] . The WG methods have also been used for the elliptic interface problems [23] , for the Helmholtz equation [27, 25] , for the Maxwell equations [30] and for the Stokes equations [35] .
In this paper, we will develop a weak Galerkin generalized multiscale finite element framework for the elliptic problem with rapidly oscillating and high contrast coefficients. Weakly defined derivative makes the WG-GMS methods compatible with multiscale basis derived by different numerical schemes such as finite element methods, continuous or discontinuous; spectral methods or others. A special case under the WG-GMS framework is investigated. In this case study, the weak Galerkin finite element method is used to compute local snapshots. The numerical results demonstrate the accuracy of the WG-GMS finite element solutions after significant dimension reductions.
We consider the second order elliptic equation with rapidly oscillating or high contrast coefficients that seeks an unknown function u satisfying
where Ω is a polytopal domain in R d (polygonal or polyhedral domain for d = 2, 3), ∇u denotes the gradient of the function u, and a is a symmetric d × d matrix-valued function in Ω. We shall assume that there exists a positive number λ > 0 such that
Here ξ is understood as a column vector and ξ t is the transpose of ξ.
Framework of the WG-GMS Finite Element Method.
Let T H be a partition of a domain Ω consisting of polygons in two dimensions or polyhedra in three dimensions satisfying a set of conditions specified in [33] . Denote by E H the set of all edges or flat faces in
be multiscale basis functions which are derived by solving local problems on each K ∈ T H . Define a WG-GMS finite element space V H as (2.1)
Definition 2.1. For any v ∈ V H and K ∈ T H , let ∇ w v denote a weak gradient of v on K which should possess the following properties:
P1: ∇ w v is a good approximation of ∇v on K. P2: ∇ w v can be computed effectively.
Definition 2.2. For any v, w ∈ V H , we define a stabilizer s(v, w) that has the following properties:
P3: s(v, w) is symmetric, semi-positive definite and parameter independent. P4: s(v, w) = 0 if v or w is continuous.
Let Q b g be an approximation of g. Then we have the WG-GMS finite element method stated as follows. 
Remark 2.1. The definitions of the weak gradient ∇ w and the stabilizer s(·, ·) in (2.3) are general that can be defined in many different ways. This makes the WG-GMS method (2.3) highly flexible.
The multiscale basis functions Ψ i in (2.1) can be found by solving the following local problem on each K ∈ T H ,
where Φ i is a prescribed function.
Different numerical schemes can be used to compute the local snapshots by solving the local problem (2.4)-(2.5). Definitions of weak gradient ∇ w and stabilizer s(·, ·) will depend on how the WG-GMS basis functions are computed.
3. Case Study: Finding the Multiscale Basis by the WG Method. In this case study, the WG-GMS finite element method (2.3) will be implemented through the following steps:
1. Use the WG method to compute local snapshots by solving the local problem (2.4)-(2.5). 2. Reduce the dimension of the snapshot space by solving local eigenvalue problems.
3. Use the reduced basis to form a offline space V H . 4. Define weak gradient ∇ w and stabilizer s(·, ·) for the basis of the snapshot space. 5. Obtain the WG-GMS finite element solution by solving the system (2.3). 6. Analyze the convergence rate for the WG-GMS finite element solution.
The details of the implementation of the WG-GMS method will be discussed in the following subsections.
3.1. Construction of the Basis for the Snapshot Space. In this section, we will use the weak Galerkin method to compute the local snapshots by solving the local problem (2.4)-(2.5).
First let T h be a fine grid partition, a refinement of the coarse grid T H . Without loss of generality, we assume d = 2 for simplicity. Denote by T h (K) the restriction of the fine mesh T h on K ∈ T H . Obviously, we have T h = ∪ K∈T H T h (K). For a given integer k ≥ 1, let V h (K) be the weak Galerkin finite element space associated with T h (K) defined as follows
2 satisfying the following equation,
After defining the weak gradient ∇ T w in (3.3), we introduce two bilinear forms on V h (K) for K ∈ T H as follows:
where ρ can be any positive number. In practical computation, one might set ρ = 1.
Let E h consists all the edges associated the fine grid T h . For each e ∈ E h , let Φ e,1 , · · · , Φ e,k+1 be the functions defined on E h such that they are the k + 1 basis functions for P k (e) on e and zero otherwise.
For each e ∈ E h , we can derive k +1 snapshots with k-th order accuracy by solving the following local problem.
Algorithm 2. Associate with each e ∈ E h , k + 1 weak Galerkin multiscale basis functions Ψ e,j can be calculated such that on each element K ∈ T H , Ψ e,j = {Ψ 0 , Ψ b } ∈ V h (K) satisfies both Ψ b = Φ e,j on ∂K and the following equation:
Then, we define snapshot space as
e ∈ E h }. Let E ∈ E H and E = ∪ e with e ∈ E h . Associated with each e ⊂ E, there are k + 1 functions Ψ e,i ,i = 1, · · · , k + 1 based on (3.6). Define
e ⊂ E, e ∈ E h }.
H , the nonzero support of any function in V H (E) consists two elements in T H shared E as shown in Figure 3 .1 denoted by ω(E). It is also true that Ψ is zero on ∂ω(E) for any Ψ ∈ V H (E) with E ∈ E 0 H . 3.2. Dimension Reduction. We will perform the basis reduction to obtain a offline space by following the framework of the generalized multiscale method in [17] . This can be achieved by determine the important modes among the multiscale basis Ψ e,j in the snapshot space V S H . By using (3.7) and (3.8), it is easily to see that
In the following, we will reduce the number of the basis functions for V H (E i ) with
H to achieve the total basis reduction for the snapshot space V S H . This can be achieved by solving a local eigenvalue problem on each ω(E i ).
For convenience, we order the basis functions in V H (E i ) as
with l i being the number of the fine grid edges e in E i . Associated each E i ∈ E 0 H , we will solve an eigenvalue problem on ω(E i ): find λ i and
where 
It is easy to see that
3.3. Defining Weak Gradient ∇ w and Stabilizer s(·, ·). In order to implement the WG-GMS method (2.3), we need to define a weak gradient ∇ w and a stabilizer s(·, ·) for the functions in the snapshot space on a coarse grid. A good design of a weak gradient ∇ w should minimize the computational cost. In this case study, the multiscale basis functions Ψ e,j in (3.7) are the solution of the system (3.6). It implies that the multiscale basis functions Ψ e,j are piecewise polynomials on the fine mesh T h and ∇ T w Ψ e,j has been calculated on each T ∈ T h (K). Therefore we define a weak gradient ∇ w of a basis function Ψ e,j ∈ V S H on a coarse grid K as follows:
Then patching them together, we derive ∇ w Ψ e,j on a coarse grid K The definition of ∇ w in (3.12) on coarse grid K is well defined based on the Definition 2.1. It is a good approximation of the standard gradient on K and also the cheapest since it is already computed in (3.6).
Now we define a stabilizer s(·, ·) as w) is symmetric, semi-positive definite and parameter independent. There is no additional cost to compute s(v, w) since s K (v, w) has been calculated in (3.6). Now we can define a bilinear form a(v, w) for v, w ∈ V S H as (3.14)
e) onto P k (e) for e ∈ E h . Then for this special case, the WG-GMS finite element method is seeking u H ∈ V H satisfying both u H = Q b g on ∂Ω and the following equation:
3.4.
Convergence. In this section we will derive the convergence analysis for the WG-GMS finite element solution u H in (3.15).
First let Ψ H = {Ψ 0 , Ψ b } ∈ V S H be the WG multiscale solution in snapshot space satisfying the both Ψ b = Q b g on ∂Ω and the following equation:
Let V h be the weak Galerkin finite element space associated with the fine grid T h defined as follows
Let u h = {u 0 , u b } be the weak Galerkin finite element solution on fine grid T h such that u b = Q b g and
where a(·, ·) is defined in (3.14).
Theorem 3.2. Let Ψ H and u h be the solutions of the WG multiscale method (3.16) in snapshot space and of the WG method (3.17) on fine grid respectively. Then we have for k = 1,
Proof. It is not hard to see that
Using (3.17) and (3.19), we have
Combining the inequality (3.20) and equation above, we have
which proves the theorem. Proof. Recall that u H is the solution of the WG-GMS method and Ψ H is the solution of (3.16) in the snapshot space.
H . Since U g and Ψ g are completely determined by the boundary condition, we have U g = Ψ g .
It follows from (3.11) that
Define Ψ 
The difference of the above equation and (3.15) imply It follows from (3.10) that
It follows from (3.24) and U
which implies
Combining (3.26) and (3.18) with (3.25), we have
which proves the theorem.
Similarly, we can prove the following corollary.
Corollary 3.4. Let Ψ H and u H be the solutions of (3.16) in snapshot space and of the WG-GMS method (3.15) respectively. The we have for k ≥ 1
Mi . 4. Numerical Results. In this section, we shall present several numerical examples based on numerical schemes (3.16) and (3.15) for validating the theoretical conclusions. The finite element space on the fine mesh of weak Galerkin approximation is chosen as follows:
, e ∈ ∂T, T ∈ T h }.
Weak Galerkin Multiscale Approach.
In this section, we will report the numerical performance of numerical scheme (3.16). The experiments are performed for linear element k = 1 and quadratic element k = 2, respectively. Two types of grids have been utilized in weak Galerkin simulation: the triangular grid and the rectangular grid.
Let T H and T h be the coarse partition and the fine partition of the domain Ω, which are plotted in Fig 4.1 . First, the coarse rectangular mesh is constructed by dividing x and y direction into n 1 segments. Then, the corresponding fine mesh is generated on each coarse element by dividing x and y direction into n 2 segments. The triangular mesh is obtained by dividing the rectangular mesh by the negative slope. The size of coarse mesh T H is denoted by H = 1/n 1 and the size of fine mesh T h is denoted by h = 1/(n 1 n 2 ). The snapshot space V S H is constructed by Algorithm 2, and then the weak Galerkin multiscale finite element solution is derived by numerical scheme (3.16).
The following two norms will be used in the tests:
As the numerical analysis in Theorem 3.2, we expect a convergence rate of our weak Galerkin multiscale approximation as O(H k ) and O(H k+1 ) for ||| · |||−norm and · −norm, respectively. 6.7935e-6 2.5000 6.1100e-8 3.0000
We solve this problem by numerical scheme (3.16) with linear weak Galerkin element k = 1 and quadratic weak Galerkin element k = 2 for a sequence of meshes for testing errors and the convergence rates in both |||·|||-norm and · -norm. The initial mesh is chosen as H = 1/2 and h = 1/8, and then the next level of mesh is derived by refining the previous level of mesh. The numerical results, with respect to different mesh size for k = 1 and k = 2, are show in Table 4 .1-4.2. On both rectangular mesh and triangular mesh, the superconvergence in ||| · |||-norm is observed. The convergence rate of · -norm is shown as order k + 1, which agrees with the theoretical conclusion. 
Example 2.
Let Ω = (0, 1) 2 , the known analytic solution is given by
and full tensor coefficient a is shown as
In this test, we conduct the linear weak Galerkin approximation for the elliptic equation with coefficient as full tensor. The calculation is performed on both triangular and rectangular grids.
Error profiles and convergence rates for this problem are given in Table 4 .3-4.4. We observe that the convergence rates are as good as predicted by the theory. It is obtained optimal rate of convergence for · -norm, which is shown as order O(H 2 ). Again superconvergence for ||| · |||-norm is detected in the experiment. Let Ω = (0, 1) 2 , the coefficient a is set as follows a(x/ ) = 1 4 + P (sin(2πx/ ) + sin(2πy/ )) , (4.4) where P is a controlling parameter of the magnitude for the oscillation. We choose P = 1.8 for testing. The right hand side function f (x, y) is chosen such that exact solution is given as The permeability a is plotted in Figure 4 .2 for = 0.4, = 0.2 and = 0.1. We require that the size of mesh is fine enough in order to achieve the optimal rate of convergence and the desired accuracy. However, the finer mesh will increase the degree of freedom. In this example, we will compare the numerical results of fine mesh solution (3.17) and weak Galerkin multiscale finite element solution (3.16) .
In Table 4 .5, the weak Galerkin numerical results for = 0.4, = 0.2 and = 0.1 is given, and the total degree of freedom (DOF) is shown in the last column of Table  4 .5. It is noted that for smaller value of , in order to achieve desired accuracy, the computing grid should be fine enough to resolve the information of coefficient a. For smaller value of , the DOF needed for accurate simulation is increasing fast. In contrast, the same problem is tested by multiscale finite element methods. First, the snap shot space V S H is constructed locally as Algorithm 2. Based on the snap shot space, the global approximation follows the numerical scheme (3.16). Here we choose coarse mesh with size H = 1/8 for testing. The numerical errors, convergence rates, and DOFs are shown in Table 4 .6. By comparison of the DOF and errors, it is shown that the weak Galerkin multiscale methods can show the comparable accuracy with smaller size of DOF.
Weak Galerkin Generalized Multiscale Approach.
In this section, we will present three numerical examples by using the weak Galerkin generalized multiscale approach (3.15) . Let Ω = (0, 1) × (0, 1), in the following three numerical examples we will solve the following second order elliptic equation:
4.2.1. Example 4. In this numerical example, the permeability field a is depicted in Fig.4.3 (Left) .
In the simulation, let n = 100, we will use three different size of coarse mesh, which are N = 5, N = 10, and N = 20. Denote the fine grid solution as u h and the generalized multiscale weak Galerkin solution as u H . The numerical error measured in relative L 2 -norm are shown in Table 4 .7. In these table, the term "dof per E" means the number of eigen-functions used for the generalized multiscale approximation on each of interior edge E. Notice that, in the case n = 100, N = 5, there are 40 basis functions of snapshot solution on each edge E. As we reducing the dimension of snapshot space, the generalized multiscale solution can still provide acceptable numerical solution. From Table 4 .7, we observed clearly convergence of the method 1.5878e-02 --when adding more eigenfunctions to the offline space. However, the error will converge (column of Table 4 .7) to a fixed error which is associate with the coarse-grid error. Furthermore, the coarse-grid error can be reduced by using smaller size of coarse-grid. In particular, when N = 5, the coarse-grid error is about 1.6e − 02; when N = 10, the coarse-grid error is reduced to about 4.2e − 03; and when N = 30, the coarse-grid error is reduced to about 1.0e − 03. Also, this confirms that the convergence rate of L 2 -norm is O(H 2 ). In fact, the first 10 eigenfunctions for N = 5, the first 5 eigenfunctions for N = 10 are enough to achieve good performance in numerical simulation. Fig.4.3 (right) and Fig. 4.4 plot the fine solution u h , the snapshot solution Ψ H , and generalized multiscale solution u H .
Example 5.
In this experiment, the permeability field a is depicted in Fig.4.5 (Left) .
In the simulation, we still choose three different size of coarse meshes, which are N = 5, N = 10, N = 20. Table 4 .8 gives the error profiles, from which we observe the similar performance as Example 4. As adding more eigenfunctions into the offline space, the error measured in L 2 -norm converges to the fixed error. Moreover, the first 
Example 6.
In the last experiment, the permeability field a is depicted in Fig.4.7 (Left) .
In the simulation, we still choose three different size of coarse meshes, which are N = 5, N = 10, N = 20. Table 4 .9 gives the error profiles, from which we observe the similar performance. As adding more eigenfunctions into the offline space, the error measured in L 2 -norm converges to the fixed error. Moreover, the first 5 eigenfunctions can provide acceptable numerical approximation. Fig.4 .7 (right) and Fig. 4 .8 plot the solution on the fine grid u h , the solution in the snapshot space Ψ H , and the generalized multiscale weak Galerkin solution u H . 
